In the present study, we propose a new perspective on thermal dissipation based on the thermo field dynamics. From the view point of the renormalization theory, there appear effective interactions between the original and tilde spaces on thermo field dynamics with reducing thermal disturbances. This study yields the equivalence of the following two pictures, namely such a spin system with a random field due to a heat bath as is defined in a Hilbert space and a finite-size system with effective interactions defined in a double Hilbert space. The correspondence of the above two systems yields such perspective that the thermal disturbance is described by the effective non-Hermitian interactions.
Introduction
Recently, thermo field dynamics (TFD) [1] [2] [3] [4] played a very useful and important role to study entanglements [5] [6] [7] [8] [9] [10] [11] , Kondo effects [12] , the entropy effect of a black hole [13, 14] and non-equilibrium phenomena [5, 6, [15] [16] [17] . We have to introduce a tilde space in order to study statistical properties using TFD. Actually, the state vector |Ψ , namely "TFD state vector", is defined [1] [2] [3] [4] as |Ψ = ρ 1/2 |I and |I = n |n ⊗ |ñ ≡ n |n,ñ
with the density matrix ρ of the relevant system. The bases |n (or |ñ ) are the eigenstates of the Hamiltonian (orH in the tilde space) with the eigenvalues {E n }, namely H|n = E n |n (orH|ñ = E n |ñ ). One of the present authors [18, 19] proved that the state |I itself is invariant for any representation, namely
where {α} is an arbitrary orthogonal complete set. Then we can easily derive [4, 18, 19] the thermal average as
for the physical quantity Q. Especially, once the tilde vector |α satisfies the relation |α ′ = α U * α ′ ,α |α for |α ′ = α U α ′ ,α |α , one can find clearly the "general representation theorem" [4, 18, 19] . The general representation theorem means not only the thermal average Q but also the representations of TFD state vectors are independent of the bases {|α }, because [4, 18, 19] 
(4) Furthermore, this general representation theorem derives [4, 18, 19] the time development equation
of the TFD state vector |Ψ(t) using the von Neumann equation
This is one of the important merits of the general representation theorem [4, 18, 19] . HereĤ is defined asĤ = H−H. Additionally, we have introduced [6] the extended density matrixρ ≡ |Ψ Ψ| and found a simple way to study the entanglement directly even in a dissipative system. On the above discussions of TFD, a Hilbert space defined by a set of bases {|α } (namely "original space") is extended to a double Hilbert space which is defined by a direct product space {|α ⊗ |α } [4] . Note that the tilde space {|α } needs to be isomorphic to the original space {|α }.
In this way, the tilde space is introduced in a mathematical point of view, and then its physical meanings are not so clear. Nonetheless, the double Hilbert space is very useful practically. For example, it was applied to the density matrix renormalization group (DMRG) analysis and multi-scale entanglement renormalization ansatz (MERA) [8, 9] at finite temperatures [7, 10, 11] , and it was used to study Kondo effect [12] and to study a black hole entropy [13, 14] . There are some common features in these previous studies, in which the thermal effect can be treated by introducing the tilde space (or double Hilbert space). In the present study, we try here to clarify how the thermal noises are renormalized into TFD pictures. This study does not clarify the origin of thermal disturbances from the viewpoint of first principles but clarifies phenomenologically the renormalization scheme of thermal noises using TFD.
In the following section, by treating a simple example, we obtain an effective interaction between the original and tilde spaces. It may be trivial that effective interactions appear owing to renormalization procedure. However, these effective interactions enable us to understand a plausible treatment of a heat bath and they support the previous suggestions [15, [20] [21] [22] for the dissipative formulation of TFD. In section 3, the present new perspective is applied to many-body systems. Summary and discussions are included in section 4.
Observation of new perspective on a simple example with a thermal noise
In this section, we present a new perspective of tilde space using a simple example. In 1961, Schwinger [23] showed that effects of a heat bath can be represented by a thermal noise, using a fluctuation propagator of quantum oscillators. Thus, we adopt a single spin system with the thermal noise R(t) described by the following Hamiltonian including a spin variable S 0 ;
where the thermal noise R(t) is regarded as the white Gaussian noise, namely
H 0 is a Hamiltonian of interest without noise. Here the notation A R denotes the random average of the stochastic parameter A, and the noise intensity is denoted by the parameter ǫ. The constant real number J denotes a kind of coupling constant. For the Hamiltonian (7), the tilde HamiltonianH [18] is obtained byH
It is important that the same thermal noise R(t) is used both in the tilde Hamiltonian (9) and in the original Hamiltonian (7), because the tilde space needs to be isomorphic to the original space. Then the TFD HamiltonianĤ in the present double Hilbert space is defined bŷ
The time dependence of the TFD state vector |Ψ(t) is expressed as
from Eq.(5). The formal solution of Eq. (11) is given by
using the operatorÛ (t). This time-development operatorÛ (t) includes the thermal noise R(t). Clearly, by reducing the random operator R(t), we can obtain such an effective interaction between S 0 andS 0 as includes thermal dissipation. This yields, as will be seen below, the new point of view that introducing the effective interaction enables us to study dissipative systems. The time development operatorÛ (t) is represented in the following time ordered product;
whereÛ 0 (t) ≡ exp[−iH 0 t/h] does not include the thermal noise R(t). Then, taking the random average Ĥ ′ (t 1 )Ĥ ′ (t 2 ) · · ·Ĥ ′ (t n ) R , we obtain the reduced operator Û (t) R . In the present study, higher order commutations are not so important for our aims to propose a simple picture of the tilde space as a heat bath. This is because we apply a decoupling approximation (mean-field approximation) as
Using Eqs. (13) and (14), the reduced time development operator Û (t) R is obtained as
where the dissipative constant is denoted by γ ≡ ǫJ 2 /h 2 . As shown in Eq. (15), there appears an effective interaction between S 0 andS 0 as γtS 0S0 . This interaction depends on the parameter ǫ and J. Consequently, this kind of effective interaction does appear only in the dissipative system with a heat bath. Once thermal noises are reduced, the effective TFD HamiltonianĤ eff does not include any thermal noise explicitly. Then we can conclude that dissipative effects are renormalized into the effective interactions between the original and tilde spaces. These contexts become much clear to consider the time differentials. Using the notations
the time differential of the dissipative TFD state vector |Ψ diss (t) is derived as
for the initial condition |Ψ(t = 0)
, where the effective interaction ihΛ 0 (t) is defined as
Eq. (17) is nothing but the dissipative formulation proposed by one of the authors (M.S.) [15] . Now we clarify physical meanings of this dissipative termΛ 0 (t). As shown in Eq. (18), this dissipative termΛ 0 (t) includes an effective interaction which is denoted by a convolution form. This convolution form comes from the definition of the TFD HamiltonianĤ ≡ H −H on the time development equation (11) (17) and (18), the effective TFD HamiltonianĤ eff is expressed asĤ
Clearly, it is non-Hermitian. This non-Hermitian framework is regulated [20] by the physical constraints, assuming the initial and final conditions of relaxation properties and thermal state conditions. In the present study, we have reinterpreted this framework by reducing the thermal disturbance applied to the thermal state. This study yields the equivalence of the following two pictures, namely such a spin system with a random field due to a heat bath as is defined in a Hilbert space and a finite-size system with effective interactions defined in a double Hilbert space. The correspondence of these two systems yields such perspective that the thermal disturbance is described by the effective non-Hermitian interactions. The alternative relation between the original and TFD spaces is clarified as shown in Fig.1 . Fig. 1 : Schematic picture of the correspondence between the dissipative system with a heat bath and the effectively interacting TFD system. In this figure, we assume H 0 = −µ B H ·S 0 . The effective interactionΛ 0 (t) appears with reducing the thermal disturbance R(t).
Furthermore, from Eq.(17), we can easily obtain the dissipative von Neumann equation
using the extended density matrix [6] ρ diss (t) ≡ |Ψ diss (t) Ψ diss (t)|. It also corresponds to the previous study [15] by one of the authors (M.S.).
It may be interesting to describe explicitly the TFD state vector |Ψ(t) for a simple example. Here we assume the Hamiltonian H 0 as
The initial condition |Ψ 0 ≡ |Ψ(t = 0) is assumed as
with the real numbers {α 1 , α 2 , α 3 , α 4 | 4 j=1 α 2 j = 1}. Thus the dissipative TFD state vector |Ψ diss (t) is obtained as
using Eq. (15) and (22), where the parameter ω denotes ω = µ B H/h. This simple example shows that the entanglement between the original and tilde space decreases exponentially in the classical system shown in Eq. (21) . This typical result corresponds to our previous study [6] .
In some previous studies [7, [20] [21] [22] , the heat bath was introduced in a way different from the present study. In those cases, the tilde HamiltonianH 0 is assumed as a heat bath directly [7, 21] , and the interaction between H 0 and H 0 affects as a coupling term ihS jSj . These assumptions may be plausible for large subsystems H 0 including open quantum systems. However, if we apply a small subsystem H 0 as shown in this section, the tilde spaceH 0 is too small to play a role of a heat bath. In the present study, the heat bath is consistently introduced in the original space. Then, reducing the thermal fluctuations both in the original and tilde spaces, the effective interaction ihΛ(t) appears straightforwardly. This is one of the most important points of the present perspective.
Many-body systems affected by a heat bath
In this section, we try to apply the perspectives shown in the previous section to many-body systems. It is important to estimate how the effective thermal noises {R j (t)} affect the finite-size subsystem H 0 . Here, we adopt an approach based on the cluster mean-field theory [24] . At first, the relevant system is divided into two subsystems, namely the finite-size subsystem Ω and the infinite-size heat bath Ω ′ . These systems interact with each other through the interactions located in the boundary ∂Ω. Thus the Hamiltonian H is expressed as follows;
where the Hamiltonian H Ω is the same as H 0 , namely H Ω = H 0 . On the scheme of the cluster mean-field theory [24] , the fluctuations of parameters located in Ω ′ affect the parameters located in ∂Ω as effective fields. When we assume the effective fields as random noises, we obtain the effective Hamiltonian
Here the spin parameters {S j } are located in the boundary region ∂Ω. The effective noises {R j (t)} satisfy the conditions
where the parameters ǫ ij and δ ij denote the weights of covariances and Kronecker delta, respectively. Similar to section 2, we reduce the random noises included in the time development operatorÛ (t). We can derive the effective interaction ihΛ(t) in the same way as shown in the previous section even for the present many body system because we can assume the noises {R j (t)} are independent of each other. It is important to note that only noises are independent but the spins interact with each other. From Eq. (25) , the TFD HamiltonianĤ is derived asĤ
The moment Ĥ ′ (t)Ĥ ′ (t ′ ) R is easily obtained as
Inserting Eq.(27) into Eq. (13), we obtain the reduced time development operator with the decoupling approximation (14) as
where the parameter γ j is defined as γ j = ǫ jj J 2 /h 2 . Then the time development of the dissipative TFD state vector |Ψ diss (t) yields
where S j (t) andS j (t) are defined as
This alternative relation is shown in Fig.2 .
In the case where the picture of Fig.2 hold, the strength of the effective interaction ihΛ(t) depends on the dimension D as
for the system size L of the cluster Ω, because Eq.(31) shows that the effective interactions exist only in the boundary ∂Ω. On the other hand, the amount of the internal energy, |H 0 |, depends on the dimension as because it is extensive. Thus we can find that the thermal disturbance is relatively small. Especially, for the thermodynamic limit L → ∞, it becomes negligible. In the present study, we have assumed that the thermal noises directly affect the spins on surface of the system, ∂Ω, and they contribute gradually to the interior spins of the cluster Ω through the internal interactions. Under these assumptions, we have shown by Eq.(31) that the thermal noises can be reduced into the effective interaction between the surface spins of H 0 andH 0 . These perspectives of dissipative systems correspond to the fact that the interaction between the system and the heat bath is relatively very small but not zero, and this interaction leads the system to equilibrium states.
Summary and discussions
In the present study, we propose a new perspective on thermal dissipation as an effective interaction described by TFD theory. Once thermal disturbances are reduced, there appear effective interactions between the original and tilde spaces. Using the effective interactions, we show the correspondence between a dissipative model and a finite size system as shown in Fig.2 . By the way, as is well known [25] , there appear thermal squeezed states on the dissipative TFD theory. However, the present study does not consider the phase properties because it is not essential for the present discussions. In fact, it is more important that the tilde space needs to be isomorphic to the original space, and then the same random noises appear in both of the original and tilde spaces, as shown in Eqs. (9) and (26). It enables us to obtain the effective interaction between the original and tilde spaces with reducing the thermal noises. In the case of single free spin, the role of tilde space is to replace only mathematically the trace TrQρ(t) by the quantum average Ψ(t)|Q|Ψ(t) . Nevertheless, in a physical system with fluctuating forces, the tilde space is also integrated into the whole physical systemĤ with such effective interactions between the original and tilde spaces as it plays a role of thermal disturbance. The present perspective may also be important to apply the TFD theory to thermal effects including entanglements and numerical studies. The alternative system described in the double Hilbert space includes finite parameters while the heat bath includes infinite parameters. Then the present perspective gives us a way to study the heat bath using finite size systems. It is useful for practical applications to study thermal effects, because in the present way with the effective interaction ihΛ(t), only the same amount of computational effort is simply required as in finite-size systems.
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